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c��P`NL�Y[L��NL�Mbn�KiS�]F��]^c�LPV\U^I�`N_\c�IN`N_[XN`Na��tT�M�]^OP`N_\`�INX&hb�[]^OPI�V�nN��IN��LPU
��]�M�]��'_[U^M�]N����OP_�Ki_[`Na��NLP`�nNU^I�n�c�_[O�L�Y[L�IB�NMi]^O�LPY\L�]�VWIi�'�NU^L�U�IN�N_[V\S�L�Y\L�MN_[Y\TdcNn p
MNIN�d]^U^LPM�]�c�IN`N_[XN`NL�XgL��N_[M�]^U�L�M p¡  T�`NSN¢NINI B(λ)

h�LPU^O�_[��]^£���_[X�c�IN`�_[]^M�IN�[]�¢NINI�IiV p
�PLdKH`NL�Y[Lt`N_Wc�I�`N_\XN`�L�Y\L�TbMi]^O�`�_\`NI�n"¤��d¥W�H�¦V�ciTb�i]^_�hHS�L�Y�KH]

λ = 0
nNO�cNnN_\U�V�n   M�_�K p

Y\L�c��P�'LPO�LPX�U^LP�NS�L�X
B(λ)

hNKH]^`�VW��LPVWLP§D�NLPV\U^MNL�_[`NI�nZU¨]�SNI��ZMN_\Y[T[c�nNMNIN�[]�U^L�M�L�O��NC�]
© U�L�XªLbVW`NLPO�_F�NM�_�K�c�L¨«�_\`ª`�L�O�a2Xª�'_[U^LdK���LPV�ci_�KiLPOP]^U�_Wc��P`Na��g�NM�IN§^c�IN«�_\`�INX&h-V��PL p
K�nN��INX�V�nªSªOP_\U^OPIf��]^S�VWIi��]
c��P`NL�Y[Lt�NL�Mbn�KiS�]���]^c�LPV\U^Iª�NMNI�`NTdc�_\OPLP�B`�]¨�i]
c��P`NLP�
�NMNI�§^c�I�«�_\`NI�I&�-�¬LPUdc�IN�NIN_�L�U�M�]^§PL�Uª­®��h7�
¯�O © U^LP�°�'_\U^LdKi_�`N_�`NTb«D`�L��\`i]^U^���PL p
MNLP��_\_R`�]¨�i]
c��P`NL�_��NMNIN§�c�I�«�_[`NIN_�I�V\S�LP�'L�XZO�_[U^O�I>�

�RTPV\U^�
E1, E2 ± §P]�`�]
�bL�O�a²��MNLPV\U^M�]^`iVWU^Ob]N��m�]�V[V\�'L�U�MNI��³TbMi]^O�`�_\`NIN_

B(λ)x = R(x, λ) + b(λ),
¤´�¨¥

Y�Ki_
λ
�NMNIN`i]¨K�c�_\«tINU�LPSNMN_[V\U^`NLbVWU^It`NTdcNntciIN`N_\X�`NL�Y[L�`NL�M��'I�MNL�Ob]^`N`NLPY\LR�NMNLbVWU^Mi]^` p

VWU�OP]
Λ, B(λ) ± ciIN`N_\X�`�]
ntL���_\M�]�U^L�M p¡  T�`NSN¢NINnDV2�Nc�L�U^`�L�XtO E1

L�§�ci]�V\U^��£²LP�NMN_ p
Ki_\c�_\`NINn&h `�_ �d]^OPI�V�nN��_[X L�U

λ
� CR_\c�IN`N_[XN`Na2X L��N_[M�]^U^LPM

R : Ω ⊂ E1 × Λ → E2
�NM�_�Ki�NL�ci]^YW]�_\U�V�nª`�_\�NMN_[MNa2O�`�aµ�¶�NL

x
I
λ
I�`�_\�NMN_[MNa2O p

`NL�KiI  �  _[MN_\`N¢�INMNT�_d�'aµ�¶�NL x O�V\�'aµV�ci_�·�MN_[��_DOZL�SNMN_dVWU^`�LPVWU�I�`NTdcNn&h-��MNIN�N_d�
||R(x, λ)|| = O(||x||l), l > 1.·�Tb`�SN¢NI�n

b(λ) : Λ → E2
`N_[�NMN_\M�a2O�`�]��NL

λ
h��NMNI��N_[�

||b(λ)|| = o(||λ||m).�RTPV\U^�
ω ± L�U^SNM�a2U^L�_R�'`NL¨«�_dVWU^OPLFO

Λ
hb�[]��'a2S�]�`NIN£°S�L�U�L�MNLPY\LF�NM�IN`�]¨Kic�_W«tINU

U^LP�NS�]
λ = 0

�i¸>]^S�LP_��'`NL¨«�_dVWU^OPLt`�]^�[L�OP_[�"V\_\SNU�L�MNI�]^c���`�L�X�L�SNM�_[VWU�`NLPV\U^��£$U�L��NSNI
λ = 0

I�OPO�_�KH_[�"VWc�_�KHTb£���_[_�TbV�c�LPO�IN_
¹
º

||B−1(λ)|| = O
(

1
||λ||p

) �NM�I
ω 3 λ → 0.m�]�V\V[�'L�U^M�I��²�[]
KH]¨�NTg�NLPV\U^MNL�_[`NI�nªMN_[��_[`NINX

x(λ) → 0
�NMNI

ω 3 λ → 0
T�M�]^O p

`N_[`NI�nf¤´�¨¥��b¸>]^SgS�]^StO�V\I�c�TDTPVWc�L�OPI�n�»��bL���_\M�]�U^L�M
B(0)
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L�§PM�]^U�I��'aµ��h'U^L�T�M�]�O�`N_[`NIN_�¤´�d¥��'L¨«�_\Uf`�_gI��'_[U^�/��]
c�a��ÞM�_\��_[`NINX³I�c�I�I��'_\U^�
`N_dVWS�L^c��PS�L�U
]^S�I���MN_[��_\`�INX�M�]^�\c�IN�N`Na��g�NL�Mbn�KiS�L�OD��]
ciLPVWU�I�­w�^hiß�hi��hN�^¯à�

áDâ3ã3ä�å�äPæ'äbç3è3ä1é º�êJëWìDëWíiîië
x(λ)

íiï[ð^ñ
ò^ë´ó�ó�îií�î�óFï\ôHõPí�ñ¨ö<ò�ëW÷Dò
õ�ø�ù�ë[ú´ôHî
û�ü ï^ò
íHëWíiîiëgý¡þ�ÿgíHë�î�óFë[ëW÷ óFï\ô ���gü ëWìDëWíiî�ö��¨ñ�ô7ë\ëtò � úWñ���ñ	�Àñ�
�ñ ü
��� �Pïtó�ï\ôHñ
úW÷�îNù
� ë´ó ||x(λ)||


 ü î ω 3 λ→ 0.� ä��iã'ä���� é º�� û úW÷�õ³ò � 
iñ�ôHíHëWí�ñ û ú´ôHñ
ò
îHë���� ù�
 ü î � ë´ó m ≥ p · l
l−1

����ñ	� � ï
û�ü ï^ò
íHëWíiîië�ý´þÀÿ�î�óFë\ë\÷+ò�ñ �Àô7ï^úW÷�î

ω1 ⊆ ω
ë � îiíiú\÷�ò^ë\í�í û øÞó�îií�îbó�ï\ôHõ�í û øBò^ëW÷Dò
õ

x(λ)
�"!2ñÀô7ë\ë�÷�ñ	�Àñdù#
�ñ
ú´ô7ë � ñ
ò^ï^÷�ë´ôHõPí�ñ
úW÷�õ xm(λ)

ù$� � ë

xm = B−1(λ)(R(xm−1, λ) + b(λ)), x0 = 0,

ú � ñ � î�÷Dú � �&%¨÷�ñdö�ò^ëW÷Dò
î'�
� VWI�ciT/L�¢N_[`NSNI"»��'I³`N_\IN�[§�_\«D`�a�����L�Y\M�_\��`�LPVWU�_\X"OPa2�NI�VWc�_\`NI�XÞ�NLPV\U^MNLP_\`NIN_

�NLbV�c�_WKiL�Ob]^U^_\c���`NLbVWU^I
xm

U^M�_\§�TP_\U�MN_\Y[TdcNnNMNIN�d]^¢NINI�­w��¯r��(JU^L�UROPL��NMNLbV4Mi]�V\V[�'L�U^M�I��
`NI�«�_��

��]
c�_[_
B(0)

def
= B0 ± `NL�M���]^c���`�L2M�]^�[MN_\��I��'a2XRL��N_[M�]^U^LPMR`NTdc�_\OPL�Y\L2`*)\U^_[MNL�Ob]IN`�KH_\S�V\]�¤ÓSNMi]^U^S�L�h   M�_�KiY[L^c��b�'L�O�LP�N_\Mi]^U^LPMi¥�h dim N(B0) = n ≥ 1.

��O�_�KH_[�¶_[Y\L
��V\_\O
KHL�MN_[�\L^ci��O�_[`NU^T&+ �'I�KiU
]�­®ßd¯

Γ = (B0 +

n
∑

1

〈·, γi〉zi)
−1

ItL�§PL��[`�]¨�N_\`�IN_
A(λ)

def
= B(λ)−B0. , Ki_dVW� γi

I
zi
§PINL�M�U^L�Y[L�`�]^c���`Na³S�§P]��\I�V\`Naµ�

© ci_[�'_\`�U¨]P� ϕi ∈ N(B0)
I
ψi ∈ N(B∗

0 )
VWLPL�U^OP_\U�V\U^O�_[`N`NL��

�RTPV\U^�
¹¨¹
º

||A(λ)x|| ≤ a(λ)(||x|| + b||B0x||),Y�Ki_
a(λ) → 0

�NMNI
ω 3 λ→ 0

h
b ±.-0/	1*243 �¸&LPY�KH]

A(λ)Γ ± `N_[�NMN_\M�a2O�`�]^n"L��N_[M�]^U�L�M p¡  T�`NSN¢NI�n³I³LP�N_\M�]�U^L�M I − A(λ)Γ`N_[�NMN_\M�a2O�`NLDL�§PM�]^U�I��ÞODL�§�ci]�V\U^I
ω1 ⊆ ω

hNY�KH_
||A(λ)Γ|| < 1.�RTPV\U^�

¹¨¹d¹^º
det〈(I −A(λ)Γ)−1A(λ)ϕi , ψn〉 ∼ c||λ||α.54V�ciI
A(λ)Γ

KiLbVWU
]^U�L��N`NLDYÀci]
KiL�SZL�U�`NLPV\INU^_Wci��`NL
λ
I

det〈

p−1
∑

j=0

(A(λ)Γ)jA(λ)ϕi , ψk〉 ∼ c||λ||α,

Y�Ki_
p ≥ α

h�U^LDTbV�c�LPO�IN_�»�»{»���§�T[Ki_[UDO�a2�NL�c�`N_\`�L��
6 ä7�8���³é º9� û ú\÷�õZò � 
�ñÀôHíië\í �Bû ú´ôHñ
ò
î � �:�Àù��:�;���<��ñ	� � ï û ú´ôHñ
ò
îHë��=� û�� ë\÷ ò �?>
�ñÀôHíië\í�ñ�ú@
�ñ ü
��� �Pñ�ó p

�
��]
c�_[_

B(λ) = B0 − λB1,
Y�Ki_

λ ∈ R1, ||B1x|| ≤ a(||x|| + b||B0x||), B0 ±  MN_WKiY\L�c��P�'LPO��
�RTPV\U^�
¹4AfºB(4c�_[�'_[`NU^a

{ϕ
(k)
i }, i = 1, n, k = 1, pi

L�§PM�]^�[Tb£�U��NL^c�`�a2X
B1
p «�LPMPKH]^`NLPO

`�]�§�L�M°L��N_[M�]^U^LPM�]
B0
h2]   T�`NSN¢NINLP`�]
cia {ψ

(k)
i }, i = 1, n, k = 1, pi

L�§PM�]^�[Tb£�U
�NL�c�`Na2X

B∗
1
p «�L�MPKH]�`NL�O�`�]^§PL�M�LP�N_\Mi]^U^LPM�] B∗
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¸&LPY�KH]2TPVWc�L�OPIN_�»-§�T[Ki_[U2O�a2�NL�c�`N_[`NLµOµ�NM�L�S�L^c�LPU^L�XRLPSNMN_[V\U^`NLbVWU^I�U^LP�NSNI
λ = 0

V
�NLPMPn�KHSbLb�

p = max(p1, . . . , pn)
Ig�NMNI��'_[`NI���]�U^_\LPMN_[��]������RL�S�]
«�_[��h���U^L�O © U^Lb�

V�ciTb�i]^_t�'L¨«t`NL��NLPV\U^MNL�I�U^��MN_\Y[TdcNnNMNIN�[L�OP]�`N`Na2X��'_\U^LdKÞ�NLbV�c�_WKiL�Ob]^U^_\c���`�a��ª�NMNI p
§^ciI�«�_[`NINX�K�cNn�O�a2�NIiV�c�_[`NI�n/�'IN`NI���]^c���`NLPX�O�_\U�O�I&h&`�_tU^MN_\§PT�£���I�X�LP§�M�]���_[`NI�n
L���_\M�]�U^L�M�]

B(λ)
�

áDâ3ã3ä�å�äPæ'äbç3è3ä C ºED�î�íië\ö�í � ö ñ�
Hë ü ï
÷�ñ ü Γ(λ)
ù ñ�
 ü ë � ë´ô7ëWí�í � ö 
 ü î

λ ∈ ω
ù�ë\úW÷�õ�ô7ë[ò � ö�ï^úWîbóF
�÷�ñ¨÷�î � ë\úG�Pî�ö ü ëH� û ô ��ü î�ð^ï^÷�ñ ü ñ�
ië ü ï
÷�ñ ü ï B(λ)

ùJë[ú´ôHî
lim

ω3λ→0
Γ(λ)B(λ)x = x


 ü î ∀x ∈ D(B).
Eµ`�]^c�L�Y[IN�N`Naµ�+L�§PM�]^�[LP� OPO�LdKiI�U�V�n"�NM�]�O�a2X�]�VWIi�'�NU^L�U�IN�N_[V\SNINX²MN_[Y\TdcNnNMNI��[] p

U^LPMZLP�N_\Mi]^U^LPM�]
B(λ).

6 ä7�8���IC º9� û ú\÷�õ B(λ) = B0 − λB1
î�ò � 
iñ�ôHíië\í�ñ û ú´ôHñ
ò
îHë��
JK����ñ�� � ïDñ�
ië >

ü ï
÷�ñ ü��
Γl(λ)

def
= Γ −

n
∑

i=1

pi
∑

s=1

1

λs
〈·, ψ

(pi+1−s)
i 〉ϕ

(1)
i ,

Γr(λ)
def
= Γ −

n
∑

i=1

pi
∑

s=1

1

λs
〈·, ψ

(1)
i 〉ϕ

(pi+1−s)
i

� ûL�dû ÷ ú\ñdñ¨÷Dò^ëW÷DúW÷Dò^ë\í�í�ñ�ô7ë\ò � ó î�
 ü ï^ò � ó ï�úWîbóF
�÷�ñ¨÷�î � ë\úG�Pîbó ü ëH� û ô ��ü î�ð^ï^÷�ñ >
ü ï\ó�î�ñ�
ië ü ï^÷�ñ ü ï B(λ).��L�S�]^�d]^U^_\c��PV\U^O�L�V�c�_WKiT�_[UDIN�RL��N_[M�]^U^LPMN`Na���U�L¨«�KH_[VWU�O

Γl(λ)(B0 − λB1) = I − λΓB1,

(B0 − λB1)Γr(λ) = I − λB1Γ.

� ä��iã'ä���� C ºM� û úW÷�õ B(λ) = B0 − λB1, ||R(x, λ)|| = O(||x||l),
||b(λ)|| = o(|λ|m),

ò � 
�ñ�ôHíHëWíiñ û ú´ôHñ
ò
îHë��
J>ù
p = max(p1, . . . , pn),m ≥ p l

l−1 .��ñ�� � ï û�ü ï^ò
íHëWíiîiëµý´þ�ÿ�îbó�ë\ë\÷¦ë � î�íiú\÷�ò�ëWí�í û ø�óFî�íiîbóFï[ôHõ�í û øÞò^ëW÷Dò
õ ü ëWìDëWí�îiö
x(λ)

�9��ñ üN��� ñ �tóFï[ôHñ¨ú\÷�îO%¨÷�ñdö�ò^ëW÷Dò
îP�¨ñ�ôHõPì�ë � ë´ó p
l−1 .��ñ¨ú´ô7ë � ñ¨ò�ï
÷�ë´ôHõPí�ñ
úW÷�õ xn = λp/(l−1)un,

� � ë un Q ü ëWìDëWí�îHë4ôHî�íHëWöií�ñ	�Àñ ûWü ï�ò >íië\í�î �
(I − λΓB1)un = λ−p/l−1Γl(λ)(R(xn−1, λ) + b(λ)),

u0 = 0, n = 1, 2, . . .
ú � ñ � î�÷Dú � �Dó�î�íiîbó�ï\ôHõ�íiñdö�ò^ë\÷�ò^îfòtñ�� ü ë\úW÷�í�ñ
ú\÷�îª÷�ñ � ��î λ = 0

�
��L�S�]^�d]^U^_\c��PV\U^O�L�I�V\�NL^c��P�\TP_\U�M�]^�\c�L¨«�_[`NIN_'�NMNLbVWU^M�]�`�VWU�O

E1, E2
h�c�_[���'T�+ �'I�K p

U
]Z­ ß
¯&IZMi]^§�LPU^Tª­ �¨¯r�
RFæ'ä�åTSVU
WHè3ä º��RTPV\U^� O TbV�c�LPO�I�n�� U^_[L�MN_d�'a ß

〈B1ϕi, ψu〉 = δik,

i, k = 1, . . . , n,
Y�Ki_

{ϕi}
n
1 ± §P]��\I�V�O

N(B0), {ψi}
n
1 ± §b]^�[I�V�O

N(B∗
0).

¸>L�Y�KH]
p = 1

I��NLPVWc�_�KHL�OP]�U^_Wci��`NLbVWU^�
xn = λ1/l−1un

h�Y�KH_

(B0 +

n
∑

1

〈·, γi〉zi − λB1)un = λ−
1

l−1 (I −
1

λ

n
∑

1

〈·, ψi〉zi)(R(xn−1, λ) + b(λ)),

l



u0 = 0, n = 1, 2, . . .
V��PLdKHINU�V�n�S��'IN`NIi��]
c��P`NL�XZO�_[U^O�IZMN_\��_\`NI�X&�

�BKiLP�NL^ci`N_\`NI�_�Mi]�V\V[�'L�U^M�I��/KHI  �  _\MN_[`N¢NI�]^c���`�a2X�L���_\M�]�U^L�M

L

(

d

dt

)

=
d

dt
B0 −B1,

Y�Ki_
B0 ±   MN_WKiY\L�c��P�'LPO�LP�N_\M�]�U^L�M>h dimN(B0) = n ≥ 1.

(JU^LPU/L��N_[M�]^U�L�MB`N_
M�]��\MN_[��_\`gL�U^`�LPVWI�U^_Wc��P`NLD�NMNLPIN�\OPLdKi`NL�X�IgO © U�LP�"V[�'aµV�c�_�V\IN`NY\TdcNnNM�_\`&�NX�_d����]�ß
�NLP�\O�L�cNnN_\UR_[Y\L�MN_[Y\TdcNnNMNIN�[L�Ob]^U^�i�¨��_\X�V\U^O�I�U^_Wc��P`NL�hP�NLF]^`i]
c�LPY\INItV2ci_[���'L�X�ßNh��NM�I
TPVWc�L�OPINI�»ZY OPO�_WKi_[�"L��N_[M�]^U^LPM

Γl(
d

dt
) = Γ −

n
∑

i=1

pi
∑

k=1

dk

dtk
〈·, ψ

(k)
i 〉ϕ

(1)
i .

¸&LPY�KH]�§�T[Ki_[U�OPa2�NL^ci`N_\`NL�L���_\M�]�U^L�MN`�L�_RU^L¨«�Ki_[V\U^O�L

Γl(
d

dt
)(
d

dt
B0 −B1) =

d

dt
− ΓB1,

Y�Ki_DVW�NMi]^OP]�L��N_[M�]^U�L�MfMi]^�\M�_\��_[`fLPU^`NLPV\INU^_\c���`NLZ�NMNLPIN�\OPLdKi`NLPX&�H�RL © U^Lb�'T�L��N_[M�] p
U^LPM

Γl(
d
dt)

_dVWU^_dVWU^OP_\`N`�L�`�]^�[OP]^U��gci_\O�aµ�¬MN_[Y\TdcNnNMNIN�d]^U^LPMNLP�<VWI�`NY\TdcNnNMN`�L�Y\L�LP�N_ p
M�]�U^L�M�]

L( d
dt)
�4E�`�]
c�LPY\IN��`NL�OPO�LdKiI�U�V�nÞ_\Y[L��NMi]^O�a2X�MN_[Y\TdcNnNMNIN�d]^U^LPM&�\[�U��'_[U^I���h

�NU^LtOtOPa2M�]
«�_\`NI�I
L( d

dt )
Ob�'_[VWU�LtL��N_[M�]^U^LPM�]�KiI  �  _[MN_\`N¢�INMNL�Ob]^`NINnZ�'L�Y�§Pa¬V\U^L p

nNU^��c�£�§�LPXªKiM�TbY[L�X�L���_\M�]�U^L�M&h-��_\MN_dVWU
]^`NLPO�LP�N`Na2X�V
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