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CYHIECTBOBAHUE TOYHBIX HEABTOMO/IEJIBHBIX
PEIIEHUI YPABHEHUS v, = V - (u)‘Vu)

["A.Pyapix

Hacrosmas craTbs npuMBIKAeT K MCCIeA0BaHUAM [1-7] 1 HOCBAIIEHA KOHCTPYK-
TUBHOMY IIOCTPOEHHIO TOYHBIX HEaBTOMOE/IbHBIX, AHU30TPOIIHBIX 110 IIPOCTPAHCTBEH-
HBIM IIePeMEHHBIM, SBHBIX HEOTPHUIATEIbHBIX DEINIeHUI MHOIOMEPHOI'O ypaBHCHNA

HemmHetHoi muddy3un
u=V-WVu),u=u(x1t): QxR - R xe R, (1)

B Bugie "KoHeunbix cymm'" [8], mme 2 C R™ - obmacre; BT = (0, 00); u(x,t) > 0-
remmeparypa cpejbl; A € R\{0}. Ypasuenue (1) Bcrpedaercss BO MHOMMX MPUKJIA-
HbIX 3aJa4daXx [9] 1 IIPUHAIJICZKUT KJIaCCy, TaK Ha3bIBa€MbIX, HEABHO BbIPO2KJ/IarO-
muxes napabosnaeckux ypapuennii [10, 11]. B pabore npemiaraercs u uccieyercst

HeTPHUBUAJIbHAS KOHCTPYKIWs [5—7|

1/x
u(x,t) = (NZi(x, 7 + AZa(x,8)| 2)

TOYHOI'O HEOTPUIATEIHLHOIO pellieHusi ypaBHerus (1), KoTropoe, B 3aBHCHMOCTU OT
napamerpa Hesguneiinoit cpegbt A € R\{0}, omuceiBaer [11, ¢.136-138|pasauunbie

[IPOIIECCHI paclpocTpanenus Teivia u auddysun, e

Zulx,1) = 5 (6, Au()X) + (. Balt)) + Culd), ®)

x € N Ag(t) = [ak;j(t)] - BemecTBeHHBIE CIMMeTpUYHBIE MATPUILL 1 X n; By(t) =
(bg1(2), ..., bgn(t))’ - BexTOpP-CcTONOIDL; Cj(t) - cRAMApHBIE DYHKIM; Ay (1), bii(t), Ci(t) €
C’l(ﬁJr) - BemecrBennble dbyukmum; k= 1,2; i,7 = 1,2, ...,n; (+,-)- ckagsgpHOe Tpo-

ussegenne B R -]+ = max{[-],0}; p € R\{0}.



B nrore, nocste nojcranoBku Beipazkenust (2) ¢ yderom (3) B ypasuenue (1) u ¢
HCIOJIb30BaHUEM pe3ysIbTaToB paboTe! (12, ¢.177-209|, mpuxoauM K HCCIIeI0BAHUIO
[EPEONPEICTICHHOM (UNCI0 YPABHEHHUI TPEBOCXOIUT YHUCJIO0 NCKOMBIX (DYHKIWIT) CH-

crembl anrebpo-uddepenrmanbabx ypasaenuit (AJ1Y) [5-7]:
Ay = 2A% 4 N(trAs) Ay, Ay(t)]i—o = As(0),
B, = 24;B5 + A(trAs) B, Ba(t)|i—o = B2(0),

Cy = By + A(trAy)Cy, Cao(t)]i—o = C5(0),

Ay = 4A Ay + T(trAy) Ay 4 o(trAy) Ay, Ai(t)]i—o = A1(0), (4)
B, = 2(41By 4 AyBy) + 7(trA3)By + o(tr A1) By, By(t)|—0 = B1(0),
Cy = 2(By,By) + 7(trAy)Cy 4 o (trAy)Cy, Cy(t)]i—o = C1(0),

MtrA) Ay +26A2 =0, M(trA))By +264,B; =0, A(trd,)C, +¢|B.* =0, (5)

e 0 = pA/&T = Apyp, N, E € R\{0};€ = p( A+ 1) — \trAgy = Zn:akn-(t) - cet
marpurpl x(t); k =1, 2. .

Nmeer mecTo citeryroIiuii, OCHOBOIIO/IAraloIIuil, pe3yIbTar.

Teopema 1. ITycmo 3adanv ewecmeenmvie cummempuynvie mampuyse Aq(0), Az(0) €
M, (R), obaadarouwyue ceoticmeom xommymayuu A1(0)A2(0) = A2(0)A1(0), sexmop-
cmoabuyv B1(0), Bo(0) € M, 1 (R) u ckaaapw C1(0), Co(0) € R. ITyemov z(t) u u(t)-

CoomeemcCcimeeHHO BEWLECTNEEHHDLE PEUWECHUA sadavwu Kowu

)= I = 20 ()=, 2(0) =0, 2(1) = Z2(0),

U AUNETH020 UHMEZPAALH020 YpasHenus Boavmeppa emopozo poda

w(®) = o [ Kolt.nust)dn + fo(t),

¢ adpom Ko(t,n) u ceobo0nvim waenom fo(t) euda

Ko(t,n) = 2mtr[Q*(HQ~ () D(0)], fo(t) = tr[Q*(t)A(0)].



Toz0a cywecmaeyem 6ewWeCmMecHHoe PEWEHUE MampUHHO—6€7€m0pH0—C7€(1JlﬂpH0fl 3a-

davwu Koww (4), onpedeasemoe dopmyaamu
As(t) = 2(1)SQ()D(0)S" = 2(1)SQ(¢)S"A2(0), Ba(t) = 2(1)SQ(t)S'B2(0),

Cy(t) = 2(2) [C2(0) + 2(1) (Q()S"B2(0), SB2(0))],

1

A0 = EOIES o [ H0uln@ 0 DOn + 20| @0,

1

Bi(t) = (0]1SQ() [o— ([ 2uom@  mdn) Q0SB0+
+22(t)Q(¢)A(0)S'B2(0) + S/BI(O)] ;

Cut) = (0 [C1(0) + 2:0) (QUIS'B0) SBa(0) +
+222(t) (Q*(H)A(0)S'B2(0), S'B1(0)) +
b ([ 2tmuo(nn ) [C2(0) + 2(6) (QUOSB2(0), SBo(0) +

/
+OIQOS B0~ ([ <)2uatn)in) 1S B0 |
ITomumo amoeo, Ai(t), As(t)- sewecmeernvie cCummempuuHvie MAMPUYDL, COOMBEM -
cmeenno, daa ecex t € domainAi(t),t € domainAs(t) u

u(t) = trAy(t) = 2(t)tr (Q(1)D(0)) = (t) g: #((Og)z(t)’

Q(t) = diag|[1 — 2d,(0)z(t)], ..., [1—2d,(0)z(t)] | = (I —2z(t)D(0)) 1,
2(t) = a()z(t), 2(0) =1, 2(0) =0,

ede D(0) = diagld,(0),..., d.(0)]; d,(0) € R- cobcmesennvie 3Hauerus Mampuyvl
Ay(0); S € M, (R)- npouszsoavhas opmozonanvran mampuya; A(0) = S'A;(0)S; D(0) =
S'A5(0)S; up(t) = u(t)[z'(t)];l/p; u(t) = trA;(t).



Bameuvanue 1. Eciu BBectn B paccmorperne marpuribl A(t) = diag[A(t),
(b)), D(t) = diag[dy(t), ..., d,(t)] ¢ BermecTBeHHBIMU COOCTBEHHBIMU 3HAYTCHMSI-

MU BHIA

(0 = [odult) [ 11 = 200 Futaan + 1)

x[1 = 244 (0)2(0)] 2 [(0)]7, du(t) = 1= ;c;:?g)z(t)'z

10 As(t) = SD(1)S', D(t) = (H)Q(t)D(0) u

1

Ay (t) = SA(H)S, A(t) = [2(D)]

o [ e Do) + A

Uccrenosanne 3amaan Komn st cucremer ALY (4), (5) pacnamaercs Ha jiBa
HelepeceKaloNuxesd ciaydas: p # 2 u p = 2. Hampumep, ¢ yderom Teopemsl 1,
CIIPABEJJINB CJIEJLYIONTHI Pe3y/IbTar.

Teopema 2. Ilyemov p = 2 u 3a0anvi 6eULECMEEHHDIE CUMMEMPULHBIE MATMPU-
uv, A1(0), A3(0) € M,(R) co ceoticmeom wommymauuu Ai(0)Az(0) = Ay(0)A;(0),
sexmop-cmoabuv, B1(0), B2(0) € M, 1(R), u ckarapo, C1(0), C2(0) € R, onpedense-
MDBLE NOCPEICMEOM HOPMYN

B.(0) = 155D B0).C(0) = g5
1 1

Cy(0) = 2(0) (5'B1(0), D(0)S'B1(0)) =

IIyemo z(t) - sewecmeennoe pewenue 3adavu Kowu

1

1S'By(0)]° = W\Bl(o)\2>

Hl—Qdk 2172, 2(0)=0, m € {1,2,...,n}.

Toz0a 3adava Kowu (4), nazpyosrcernnan arzebpauveckumu ypasHenusmu (5) obaa-

daem GEWLECTNMBEHHDIM DEWEHUEM

As(t) = 2(1)SQ(1)D(0)S" = (£)SQ(t)S" As(0),

1 . 1

Ba(t) = £()SQ()S'B(0) = 375r(05QUD(0)SB1(0) = 1755 4e(1)B1 (0),



Calt) = )CH(0) + (1) (B(0), Ba(1)) =
~ gy (0 (SQUIDOSB 0, Ba(0) = 35 (Ax(0B1(0). B(0),

222(0)
Ai(t) = MO) (]S B8 = [2(1)]Y° A,(0),

B, (1) = [2()]}/* [SQ(1)S'B1(0) — 2X(0)=(1)SQ(1)S'B1(0)] = [2(1)]/*B(0),
Cu(t) = [3(0)]2 [cl<o> — AN(0)=(1)C(0) + 22(1) (Q(1)S'B4(0), 5'Ba(0)

—IN0)2%() (Q(1)S'B2(0) S'B2<o>>] = S O B0 A©) € R {0}

ITomumo amozo, Ay(t), As(t)— eewecmeennvie CuMMEMPUYHBLE MAMPULLL, COOM-

sememeenno, das ecex t € domainA,(t),t € domainAs(t) u

Q(t) = diag [[1 — 2d:(0)2(t)] ..., [1 = 2, (0)2()] 7, 1, 1],

oty = =2 L )], ut) = AO)mEE@)]Y,

2de D(0) = diag[d,(0),...,d,(0),0,...,0]; dp(0) € R\{0}- cobemeennwvie 3nauernua
mampuyst Ax(0);rankA(t) = m = =25/ Nk =1,2,...,m;u(t)- pewenue aunetiro-
20 UMME2PaILH020 Ypasrenus Boavmeppa emopozo poda

ut) = [ Ktmulndn+ 5(0). o = L.

¢ adpom K (t,n) u ceobodnvim wrerom f(t) euda

1/p
K(ty) = [—] SrQAOQ (DO, 1) = EO]rAO0)QE®).

Pacemorpum ypasnenue
ut:Alnu,u:u(X,t):QX%JF—NRJF,XG%”, (6)

KOTOpOE TIpU N = 2 {ABJISETC OCOOBIM C TOYKU 3PEHUs I'PYIIIOBONl TEOPUHU, TaK
KaK B 9TOM ciaydae rpynna JIu JomycTuMbIx mpeoOpasoBaHmil SABJseTCT OeCKOHed-
HOMepHOIT [13] 1, cornacHo o6IENPUHATON TEPMIHOIOTUH, HA3BIBACTCS IPEIETbHBIM

ypaBHeHueM ObIcTpoit auddy3un.



IIpumep 1. VYpasrenue (6) (n = 2) mMeer TOUYHOE HEABTOMOJIEIBHOE, AHU30-

TPOIIHOE 110 ITPOCTPaHCTBEHHBIM II€pEMEHHBIM, BHOE HEOTPpUIaTE/IbHOEC pEHICHUEe

u(z,y,t) = [4071(975, k) [72:0'13 (1 + sn (S, k:)) (z° + v*)*+

+47<1 — sn(Q, k:))xy + <Q — 2@(1 — sn(Q, k))>y2+

+<sz n 2N<1 — sn(, k)))ﬁ + 40(1 +sn(Q k))] _11 Lo ER(o)

rie sn(Qt, k), en(Q, k) - s;amnrudeckue cunyc, Kocunyce Akobu [14] ¢ momyiem

A? =32+ %) 1o 2 2 1
= A > 32 )= —4/A2 2(~? 2y
k JAH%WHMQ), > 32(7" + po); 2\/ +32(v2 + p?);

Ay, p € R Tlpn A? = 32(9° + 1)

JUINNITUYIECKUE CUHYC U KOCUHYyC fKoOm

BBIPOXKJIAIOTCS B TpUroHOMeTpuieckne GyHKiun. B 9ToM cirydae mveem
w2
u(z,y,t) = [4cos(wt) [16 (1 + sm(wt)) (2® +y°)* + <w2 + 2,u<1 — sin(wt))>x2+
o

+47(1 — sin(wt))xy + (w2 — 2u<1 — sin(wt))>y2 + 40—(1 + sm(wt)ﬂ _1] R

e w =42+ u?; o,y p € R0 # 0.

IIpumep 2. Ypasuenue nesmHeitHoit puddysun (6) upu n = 3 obragaer ToU-

HBIM HeaBTOMO/JECJ/IbHBIM, aHU3O0TPOIITHLBIM IIO IIPOCTPaHCTBEHHBLIM II€pEeMEeHHBLIM, AB-

HBIM HEOTpUIaTE/IbHBIM PEIICHUEM

2 9 9 5
u(x,y, z,t) = [ sn(mt, k) en(mt, k) lm 5 2cqsn®(mt, k) c3

dn(mt, k) ©k oen?(mt, k) &
n?(mt, k) /e o 2¢5
el i R 9 _ 25
2 (mt. k) ( + c4k:y> + sn?(mt, k) (mz ’ z) + (7)
1 G 2sn2(m sn’(mt, k) & -
+mcn2(mt, k) (k:2 dn®(mt, k) k2 sw(mt, k) L

e m = \/co —cq1; sn(mt, k), cn(mt, k), dn(mt, k) - coOOTBETCTBEHHO SJLIUIITHYE-

CKUil CUHYC, /UIMITUYECKUNl KOCUHYC U JIeJbTa aMIuinTyla fkodbu ¢ momyiem k =

Vea/m; ¢ € Ry co > 1500 > 050 =1,2,...,6.



PaccMoOTpuM citydan BBIPOMKICHH 3/LITUNTHICCKAX (PYHKIMIT B TPUTOHOMETpUYe-
ckue u runepbosimaeckue. Ecim co = 0, Torya k = 0 u u3 dbopmyiist (7), B npejee,

IIOJIy9YUM TOYHOE pelieHrne B TPUTIOHOMETPUYICCKUX (bYHKIII/IHX

2

u(z,y,z,t) = [2 sin(wt) cos(wt) [wﬁ — 2c37 + ﬁ;’(ww — 2cq tg? (wt )+

+ sin?(wt) (wy2 — 2c,y + w2 — 2c5z) —

(e + %) sin(wt) ] _1] ®)

w  cos?(wt)
e w = y/—c;. OrmeruM, uro ecym ¢ = —1,¢3 = ¢4 = ¢5 = ¢g = 0, 10 u3 (8)

CcJIeAyeT pelleHue

2sintcost
u(x7 y? Z? t) =
+

22 + sin? t(y2 + 22)
npusesentoe B [3]. Tlomaras ¢; = 0, nomyanm k = 1 u u3 Beipazkenus (7) BbITEKaeT

TOYHOE PelIeHue B TUiepboTnIecKux (PpyHKIUIX
u(z,y, z,t) = [th(vt) [va — 2c32 — 2¢4 sh?(vt)y + th?(vt) <vz2 - 2652) + (9

2 2 2 opd -1
€3 1.2 €1 3.2 2 cz sh' (vt) 2
+; ch (Ut) — ; sh (Ut) ch (’Ut) — ;W — 206 sh (Ut) +,

KOTOPOE SABJIAETCS JOBOJIbHO MHTEPECHBIM, TaK Kak 1Ipu ¢4 = () OHO BBIPOXKIAETCA B
JIBYMEpHOe, Tjie v = /Cy. Hampumep, eci co = 1, ¢3 = ¢4 = ¢5 =0, ¢cg = —1/2, 10

u3 (9) caeayer Tounoe perenue ypasaenus (6) npu n = 2. Urtak nmeem

u(zr,y,t) =
(x.9,1) 22 + y2th*t +sh®¢

2tht 1
n
Metoabl uccienoBanus nepeonpeeeHubix cucreM AJLY u cucreM 3BOJIIOIMOH-
HBIX yPaBHEHU, HATrPYKEHHBIX TuddepeHInabHBIMI CBI35MEI, OOCYXKIAJINUCH B
[15-18|. Haxkowner, ormerum, 90 mepeornpe/ienennbie cucreMbl AJLY BO3HHKAIOT BO
MHOT'HX HPUKJJIQJIHBIX 3aJadaX, HallpuMep, IIpu MaTeMaTHUI€eCKOM MOJICJIMPOBaHNN

[POIECCOB XUMUYECKOH KUHETHKU ¢ ydeToM juddysun u remaonposognoctu [19)

(cm. Takxe [8]).
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CYIITECTBOBAHUE TOYHBIX HEABTOMO/IEJILHBIX PEIIEHUIA
VPABHEHNY u, = V - (uAVu)

["A.Pyapix

[Ipetaraercss u umccienyercss HeTPUBUAJIbHAST KOHCTPYKIIUS TOYHOI'O HEOTPU-
IATEJTLHOTO DeIleHNsT MHOTOMEDHOTO YpaBHEHUsl HeJnHelHo#l muddysun B BHjE
"koueunoit cymmbr". Ilocie 1mojicTAaHOBKY TPEbABICHHON KOHCTPYKITUH B UCXOJI-
HO€e ypaBHEHWE MPUXOINM K HCCIEOBAHNIO CUCTEMBI ayrebpo-muddepeHImaTbHbIX
ypasuenuit (AJLY), KoTopas siBjsieTcst mepeonpeieJieHHoOl (Y1cIo ypaBHeHuii mpe-
BOCXOJIUT 9IHCJIO UCKOMBIX (yHKIWMT). Tak Kak mepeorpejiesieHHbIe CUCTEMbBI ypaB-
HEHUIl MOryT BOOOIIE HE UMETh PENIeHUil, TO JOKA3aHO, YTO MOJIyUEeHHAs CHCTEMA
AJIY wmeer pereHns OTJIMIHBIE OT TPUBHAJIBLHOTO. Ha OCHOBe 3TOro pesysabrara
[IOCTPOEHBI TOYHbIE HEABTOMOJIE/IbHBIE AHU30TPOITHBIE TI0 TTPOCTPAHCTBEHHBIM TIE€Pe-
MEHHBIM SBHBIE HEOTPUIIATEIbHbIE PEITeHNs KaK KIacca yPaBHEHNI TOPUCTON CPe bl
(HecraronapHoil bubTpanun), Tak 1 Kjaacca ypasHeHuit onicrpoit auddysuu. B
YACTHOCTH, B TIOCTIETHUI KJIacC YKJIaIbIBAETCs, TaK HAa3bIBaeMOe, IIPeJIeIbHOE YPaB-
Henue ObicTpoit quddy3un. B ocHoBHOM, 10OJTydYeHHBIE B PAOOTE TOUHBIE HEOTPUIIA-
TeJIbHBbIE PEIeHNs], OTMEUEHHBIX BBIIIEe YPABHEHWI, HE SIBJIAIOTCA MHBAPUAHTHBIMU C
TOYKHU 3PEHUs TPYII TOUEUHBIX TpeobpaszoBanuii u rpymm Jlu-Bekaynma.

Bubi. 19 nazsanuii.
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EXISTENCE OF EXACT NON SELF-SIMILAR SOLUTIONS OF EQUATION
u =V - (u’\Vu)

Rudykh G.A.

The nontrivial construction of exact nonnegative solution of multidimensional
equation of the nonlinear diffusion in the form "finite sum "is proposed and investi-
gated. After substitution of produced construction to the initial equation we come
to research of the system of algebro-differential equations (ADE) that is overdeter-
mined (the number of equations exceeds the number of desired functions). Because
the overdetermined system of equations is not solvabale, then it is proved that the
obtained system of ADE posseses the other solutions than are nontrivial ones. On
the basis of this result the exact non self-similar anizotropic over spatial variables
explicit nonnegative solutions both of the class equations of porous medium (non-
stationary filtration) and the class of equations of fast diffusion are constructed.
In particular this class includes so-called limit equation of fast diffusion. Basically,
obtained exact nonnegative solutions for above equations are not invariant in view
of the groups of point-wise transformations and Lee-Baklund’s groups.
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