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Abstract

The existence theorems of bifurcation points of solutions for non-
linear operator equation in Banach spaces are proved. Because of
these theorems, the sufficient conditions of bifurcation of solutions of
boundary-value problem for Vlasov-Maxwell system are obtained.

Introduction

One! of the current problems in natural sciences is study of kinetic Vlasov-
Maxwell (VM) system [20] describing a behaviour of many-component plasma.
A large literature on the existence of solutions for the VM system is available,
for example, see under references [1, 3, 11 etc.] and the references given there.
Nevertheless, the problem of bifurcation analysis of VM system, which was
first formulated by A.A.Vlasov [20], has appeared very complicated on the
background of progress of bifurcation theory in other fields and it remains
open up to the present time. There are only some isolated results. In [9, 10]
the VM system is reduced to the system of semilinear elliptical equations for
special classes of distribution functions introduced in [12]. The relativistic
version of VM system for such distributions was considered in [1]. One simple
existence theorem of a point of bifurcation is announced in [13], and another
one is proved for this system in [14].

!This work is supported by INTAS Grant: 2000-15



The goal of the present paper is to prove a general existence theorems
of bifurcation points of VM system with the given boundary conditions on
potentials of an electromagnetic field both the densities of charge and current.
Here we apply the results of bifurcation theory from [15, 17, 19] and we use
the index theory [2, 7] for the study of bifurcation points of the VM system.

We note, the methods, which have been used in [13, 14] are not sufficient
for consideration more general situation, which we study below. In what
follows, we consider the many-component plasma consisting of electrons and
positively charged ions of various species, which described by the many-
particle distribution function f; = fi(r,v), i = 1,...,N. The plasma is
confined to a domain D C R?® with smooth boundary. The particles are to
interact only by self-consistent force fields, collisions among particles being
neglected.

The behaviour of plasma is governed by the following version of the sta-
tionary VM system [20]

'U'arfi_"Qi/mi(E_‘_%U X B)-0,fi =0, (1)

reDCR i=1,...,N,

curl B =0,
divB =0
ol A
divE =Ar Y q [ filro)dv 2 p, (2)
k=1 R

4 X A
curlB=—Y_ qk/ v fe(r,v)dv = j.
c = Im

Here p(r), j(r) are the densities of charge and current, and E(r), B(r) are
the electrical and the magnetic fields.

We seek the solution E, B, f of VM system (1)-(2) for r € D C R? with
boundary conditions on the potentials and the densities

U lop=uo1, (A,d)|op= uo2; (3)

p lop=0, Jj lap="0, (4)
where F = —0,U, B = curlA, and U, A be scalar and vector potentials.



We call a solution E°, B° f° for which p® = 0 and j° = 0 in domain D,
trivial.

In the present paper we investigate the case of distribution functions of
the special form [9)]

filr,0) = Mi(—ap? + @i(r), v-d; + ¢i(r) £ AR, G) (5)

0;:R*—=R; ¢, :R*—> R, reDCR? veR

=

AMNeR", ;€ R"=1[0,00); d;€R® i=1,...,N,

where functions ¢;, 1;, generating the appropriate electromagnetic field
(E, B), has to be defined.

We are interested in the dependence of unknown functions ¢;, v; upon
parameter A\ in distribution (5). Here we study the case, when A in (5)
does not depend on physical parameters «; and d;. The general case of a
bifurcation problem with «; = a;(\), d; = d;(N), @i = wi(A, 1), ¥ = (A1)
will be considered in the following paper.

Definition 1. The point A° is called a bifurcation point of the solution
of VM system with conditions (3), (4), if in any neighbourhood of vector
(A%, E° BY, f9), corresponding to the trivial solution with p® = 0, j = 0 in
domain D, there is a vector (A, E, B, f) satisfying to the system (1)-(2) with
(3), (4) and for which

1E-E" |+ B=B"[+]f=f"[>0.

Let ¢, ¢? are such constants that the corresponding p° and ;°, induced
by distributions f; in the medium for ?, 1, are equal to zero in domain D.
Then VM system has the trivial solution

= )\ﬁ-(—aiv2+g0?, v-di+1Y), E°=0, B°=pd;, [—const for VYA

The organization of the present work is as follows:

In section 2 two theorems of existence of bifurcation points for the nonlin-
ear operator equation in Banach space generalizing results on a bifurcation
point in [5, 15, 16, 17] are proved. The method of proof of these theorems
uses the index theory of vector fields [2, 7] and allows to investigate not only
the point, but also the bifurcation surfaces with minimum restrictions on
equation.



In section 3 we reduce the problem on a bifurcation point of VM system
to the problem on bifurcation point of semilinear elliptic system. Last one is
treated as the operator equation in Banach space. We derive the branching
equation (BEq) which allows to prove the principal theorem of existence of
bifurcation points of VM system because of results of section 2. An essential
moment here is that the semilinear system of elliptic equations is potential
that reduces to potentiality of BEq.

It follows from obtained results that for the original problem the bifurca-
tion is possible only in the case, when number of species of particles N > 3.

2. Bifurcation of solutions of nonlinear equations in Banach
spaces.
Let Ey, FE, are real Banach spaces; T be normalized space. Consider the
equation
Bx = R(z,¢). (6)

Here B : D C E; — E5 be closed linear operator with a dense range of
definition in F;. The operator R(z,e) with values in Fy is defined, is con-
tinuous and continuously differentiable by Frechet with respect to x in a
neighbourhood

Q={zecbE,cecY|zl|<r ||e]< o}

Thus, R(0,e) = 0, R,(0,0) = 0. Let operator B be Fredholm. Let us
introduce the basis {y;}} in a subspace N(B), the basis {¢;}} in N(B*),
and also the systems {~;}1 € Ef, {2} € E2 which are biorthogonal to these
basises.

Definition 2. The point ¢ is called a bifurcation point of the equation
(6), if in any neighbourhood of point z = 0, ¢y there is a pair (z,e) with
x # 0 satisfying to the equation (6).

It is well known [19] that the problem on a bifurcation point of (6) is
equivalent to the problem on bifurcation point of finite-dimensional system

L(&,e) =0, (7)

where £ € R, L : R"xT — R". We call equation (7) the branching equation
(BEq). We wright (6) as the system

By = Rz 2) + z €, (8)
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65:<x7’ys>a 3217"'7”7 (9)

where B B + >, < s > zs has inverse bounded. The equation (8)
has the unique small solution

T = i 53803 + U(f, 6) (10)

at £ — 0, — 0. Substitution (10) into (9) yields formulas for the coordinates
of vector-function L : R" x T — R"

Lu6:2) =< R(3ups + U(E2)oe ) i > (11)

s=1

Here derivatives
oLy,
0

are continuous in a neighbourhood of point € = 0, || I'R,(0,¢) ||< 1.

Let us introduce a set Q = {e¢ | det[a;(¢)] = 0}, containing point £ = 0
and the following condition:

A) Suppose that in a neighbourhood of point €y € Q there is a set .S, being
Jordan continuum, representable as S = S, US_, g9 € 3S, NIS_. More-
over, there is a continuous map &(t), ¢ € [—1, 1] such that ¢ : [-1,0) — S_,
£:(0,1] — Sy, €(0) = o, detlai(e(t))]ie=y = a(t), where a(t) : [-1,1] —
R! be continuous function vanishes only at t = 0.

Theorem 1. Assume condition A, and «(t) is monotone increasing
function. Then €q be a bifurcation point of (6).

Proof. We take arbitrarily small » > 0 and § > 0. Consider the continuous
vector field

leco=< R.(0,e)(I —TR.(0,2)) " i, ¥ > ai(€)

H(¢,0) % L(€,e((20 = 1)5)) : R x R* — R™,

defined at £,0 € M, where M{£,© ||| {||=7, 0 <O < 1}.

Case 1. If there is a pair (£*,0*) € M for which H(£*,0%) = 0, then by
definition 2, 9 will be a bifurcation point.

Case 2. We assume that H(£,0) # 0 at V(£,0) € M and, hence, ¢ is not
a bifurcation point. Then vector fields H(£,0) and H (&, 1) are homotopic on
the sphere || £ ||= r. Consequently, their rotations [6] are coincided

JH(E0),[[ € |[=r) = J(HE D), (| € [I=7) (12)

b}



Since vector fields H(&,0), H(£, 1) and their linearizations

L) z aan(£(=0)&, 1y,

LHO) S anlc(+6)6 [y

k=1
are nondegenerated on the sphere || £ ||= r, then by smallness of r > 0, fields

(H(&,0), H(, 1) are homotopic to the linear parts Ly (€) and Lj (€).
Therefore

JH(E0), 1§ [l=7) = J(L (&), | £ lI=7) (13)
J(HE L), |1 l=7) = J(LS (&) [ £ [[=7). (14)

Because of nondegeneracy of linear fields L (€), by the theorem about Kro-
necker index, the following equalities hold

J(Ly (€), | € |[= r)signa(=9),

J(LY (€)1 € [I= ) = signa(+9).

Since a(—0) < 0, a(4+9) > 0, then the equality (12) is impossible by (13),
(14). Hence, we find a pair (£*,0%) € M for which H(£*,0%) = 0 and ¢ be
a bifurcation point.

Remark 1. If the conditions of the theorem 1 are satisfied for Ve € Qy C
2, then Qg be a bifurcation set of (6). If moreover, {2y is connected set and
its every point is contained in a neighbourhood, which is homeomorphic to
some domain of R", then ) is called n- dimensional manifold of bifurcation.

For example, it is true, if T = R"™! n > 1, Qg be a bifurcation set of (6)
containing point € = 0 and V. det[a;x(€)] |e=0# 0.

It follows from the theorem 1 at Y = R! the generalization [17], and also
other known strengthenings of M.A.Krasnoselskii theorem about a bifurca-
tion point of odd multiplicity [6].

Most high results in the theory of bifurcation points were obtained for
(6) with potential BEq to &, when

L(&, e) = gradeU(E, €). (15)



This condition is valid, if a matrix i'k=1 1s symmetric. By differentiation

Eal
of superposition, one finds from (11) that

oL, & ou
a& =< R:c (Szz:l 65()08 + U(fa 5)7 5) (901 + a—gl) ) ¢k >, (16)
where according to (8), (10)
ou
R 1
i + o8, ( Ry)" i (17)

The operator I — I'R, is continuously invertible because || T'R, ||< 1 for
sufficiently small by norm ¢ and e. Substituting (17) into (16) we obtain
equalities

OLy,
9

It follows the following claim:
Lemma 1. In order BEq (7) to be potential it is sufficient that a matriz

=< R,(I =TR,) ¢, >, i,k=1,....n

E = [< Re(PR.)" i, b >]i 1

to be symmetric at ¥(z,€) in a neighbourhood of point (0,0).
Corollary 1. Let all matrices

[< Re(PR.)™ i, b >]i=y, m=0,1,2,...

are symmetric in some neighbourhood of point (0,0). Then BEq (7) be
potential.

Corollary 2. Let Fy = Ey = H, H be Hilbert space. If operator
B is symmetric in D, and operator R,(x,¢) is symmetric for ¥(z,¢) in a
neighbourhood of point (0,0) in D, then BEq be potential.

In the paper [16] has been done more delicate sufficient conditions of BEq
potentiality.

Suppose that BEq (7) is potential. Then it follows from the proof of
lemma 1 that the corresponding potential U in (15) has the form

Z azk gzgk—i_w(fv )7
k=

1

[\D|>—‘

’L



where || w(&,) = 0(] € [2) at & — 0.

Theorem 2. Let BEq (7) be potential. Assume condition A). Moreover,
let the symmetrical matriz [a;,((t))] possesses at least vy positive eigenvalues
att > 0 and at least vy positive eigenvalues at t < 0, v # vy. Then e will
be a bifurcation point of (6).

Proof. We take the arbitrary small 6 > 0 and we consider the function
U(&,e((20 — 1)4)), defined at © € [0,1] in a neighbourhood of the critical
point & = 0.

Case 1. If there is ©* € [0, 1] such that £ = 0 is the nonisolated critical
point of the function U(,e((20* — 1)d), then by definition 2, £y will be a
bifurcation point.

Case 2. Assume that point & = 0 will be the isolated critical point of the
function U(&,e((20 —1)d)) at VO € [0, 1], where £(¢) be continuous function
from condition A). Then at VO € [0,1], the Conley index [2] K¢ of the
critical point & = 0 of this function is defined. Let us remind that

DU (€, 2((26 —
0&; 08k

Since a((20 — 1)) # 0 at © # 1, then the critical point £ =0 at © # £ is
nonsingular. Therefore, index Kg for any © # 1 by the definition (p.6 [2]),
is necessary equal to number of positive eigenvalues of the corresponding
Hessian. Thus, Kg = v, Ki = vy, where 1y # 15 by the condition of
theorem 2. Hence, Kg # K;. Suppose that ¢ is not a bifurcation point.
Then VU (£,e((20 —1)0) # 0 at 0 <|| € ||[< r, where r > 0 is small enough,
© € [0,1]. Because of homotopic invariancy of Conley index (see theorem
4, p.52 in [2]), Ke is constant at © € [0,1] and K, = K;. Hence, in the
second case we find a pair (£*,0%) for arbitrary small » > 0, § > 0, where
0<|| & ||<r, ©*F €[0,1], satisfying to the equation VU (€, ((20 —1)0) =0
and g is a bifurcation point.

Remark 2. Other proof of the theorem 2 with application of the Roll
theorem is given in [18] for the case Y = R', v, =n, v_ = 0.

Remark 3. The theorems 1, 2 (see remark 1) allow to construct not only
the bifurcation points, but also the bifurcation sets, surfaces and curves of
bifurcation.

Corollary 3. Let T = R' and BEq be potential. Moreover, let [a(€)]} -,
be positively definite matrix at € € (0,7) and negatively defined at ¢ €
(=7,0). Then € = 0 is a bifurcation point of (6).

det | DO )1e_o= a((20 — 1)9).




Consider the connection of eigenvalues of matrix [a;x(e)] with eigenvalues
of operator B — R, (0, ¢).

Lemma 2. Let By = E; = E, ¢ € R'; v = 0 be isolated Fredholm point
of operator-function B — vI. Then

sign/\(g) = (—1)*sign H vi(e) = sign ﬁ wi(e)

where k be a root number of operator B; {u}} are eigenvalues of matriz
laix(e)], Ale) = det[aix(e)].

Proof. Since {u;}7 are eigenvalues of matrix [a;x(€)], then [T} ui(e) =
A(e). Thus, it is sufficient to prove the equality A(e) = (=1)*[TF 4(e).
Since zero is the isolated Fredholm point of operator-function B — vI, then
operators B and B* have the corresponding complete Jordan systems [19]

gogs) (r)*~ lgogl , w(s (F*)s_lzbi(l), i=1,...,n; s=1,....,P. (18)

Here
<907, aw]> 57,]7 <S027¢( )>:5ij> Z,]zl,,n,ZH:k
Let us remind that

n -1
AL =T, 0 2y =T, T = (B3 < ulP > of)
1

(19)
where k = I3 + ... 4+ [, we call a root number of operator B — R,(0,¢).
The small eigenvalues v(e) of operator B — R, (0, ) satisfy to the following
branching equation [19]

L(v,e) £ det |< R,(0,2) +vI)(I = TR, (0,) —vT) i, 005 >, = 0. (20)

Because of preliminary Weierstrass theorem [19, p.66], by the equalities (18),
(19), equation (20) in a neighbourhood of zero will be transformed to the
form

L(v,e) = (VF + Hy_1(e)V" 1+ ...+ Hy(e))Q(e,v) = 0,
where Hy_(¢),..., Hyo(e) = A(e) are continuous functions of €, (0, 0) # 0,
Hy(0) = 0. Consequently, operator B — R, (0,¢) has k > n small eigenvalues
vi(e), 1 =1,...,n, which we may define from the equation

VP Hy (e Ale) =

9



Then [T vi(e) = Ae)(—1)*.

Assume now ¢ € R'. Consider the calculation of asymptotics of eigen-
values p(e) and v(e). Let us introduce the block representation of matrix
ik} k=1, satisfying the following condition:

B) Let [au(e)]}4my = [Ain(e)]lpoy ~ [ AR 4oy at € — 0, where [Ay]
are blocks of dimensionality [n; X ng|, ny + ... +n; = n, min(rya,...,ry) =
T4 ém ra >riat k> (oratk<i),i=1,... 1. Let [T\ det[A%] # 0. The
condition B) means that matrix [a;;(€)]}';=; admits the block representation
being ”asymptotically trianglar” at e — 0.

Lemma 3. Assume B). Then

l
det[aik(g)]zkzl — gmritetr (H det, ‘ A?Z ‘ +0(1)>,
1

formulas
i =e"(C; +0(1)), i=1,....1 (21)

define the principal terms of all n eigenvalues of matriz | a,(¢) [7)—,, where
wi, Ci € R"; C; be vector of eigenvalues of matriz AY..
Proof. By B) and the property of linearity of determinant, we have

det[a(g)] = ™M det =

l
gt <H det | A?Z ‘ —|—0(1)>

Substituting u = e"c(e), i = 1,.. ., [ into equation det | a;(e) —pdix [;4=1= 0
and using the property of linearity of determinant we obtain equation

i—1
61117“1+...+ni711”i71+(ni+...+m)7”i{H det | A?J .
j=1
det(AY — (e)E)(e)™ T+ L a(e)} =0, i=1,...,1, (22)

10



where a;(¢) — 0 at ¢ — 0. Hence, the coordinates of unknown principal
terms C; in asymptoticses (21) satisfy to the equations det | A% — E |= 0,
i=1,...,L

If k& = n, then operator B — R,(0,¢), as well as the matrix [a(e)]}p—;
has n small eigenvalues. In this case we state a result:

Corollary 4. Let operator B has not [- joined elements and let the
condition B) holds. Then the formula

v = —£"(C; +0(1)), i=1,...,1, (23)

defines all n small eigenvalues of operator B — R, (0, ), where C; € R™ be
vector of eigenvalues of matrix A% i=1,...,[, ny+...+n =n.

Proof. By lemma 2 in this case >7 P, = n (root number k£ = n) and
operator B— R, (0, ) possesses at least n small eigenvalues. Since ! n; = n,
AY is quadratic matrix, then formula (23) yields n eigenvalues, where the
principal terms coincide to within a sign with principal terms in (21). For
calculation of eigenvalues v of operator B — R, (0, ¢) we transform (20) to the

form .
L(v,e) = detlag(e) + Y 0], =0, (24)
j=1

where

b =< (I = TR.(0,)) TP (I = TR(0,€)) i >
Substituting ¥ = —e"c(e) into (24) and taking into account the property
of linearity of determinant we shall receive the equation, which differs from
(22) by error term a;(¢) only. Then in conditions of corollary 4 the principal
terms of all small eigenvalues of operator B — R,(0,¢) and matrix —[a ()]
are defined from the same equations and therefore, are equal.

Conclusions. 1) By lemma 3 we can replace condition A) in the theorem
1 with the following one:

A*). Let Ey = Ey = E; v = 0 be isolated Fredholm point of operator-
function B — vI. Let in a neighbourhood of point g € 2 there is a set S,
containing point €3 and be continuum represented as S = S, |J S_. Moreover,
assume

€0 € aS—i— ﬂ@S_; Hyi(g) ‘EES+ HVZ(‘C:) |EES_< 07

where {v;(¢)} are small eigenvalues of operator B — R,(0, ).

11



2) If the principal terms of asymptotics of small eigenvalues of operator
B — R, (0,¢) and matrix [a;,(¢)]};—; coincide, then we may use eigenvalues of
such operator in the theorem 2. By corollary 4 it is possible, if £} = Ey = H,
operators B and R,(0,¢) are symmetric and condition B) is valid. Let us
note that condition B) is valid in papers [15-18] about bifurcation point with
potential BEq, thus ry = ... =r, = 1.

3. Statement of boundary-value problem and problem on a bi-
furcation point for the system (32).

We begin with a one preliminary result on reduction of VM system (1)-(2)
with conditions (3) to the quasilinear system of elliptical equations for dis-
tribution (5), was first investigated in [10]. Assume the following condition:

C). fi(R,G) are fixed, differentiable functions in distribution (5); oy, d;
are free parameters; | d; [# 0; ;i = c1; 4 Lip(r), i = co + ki (r); c1, Coi
const; the parameters [;, k; are connected by relations
my Gig;

I =

Ckd =g k=1 =1, (25)
a1qr my my my
and the integrals [ps fidv, Jgs fivdv converge at Vy;, ;.

. . A A A
Let us introduce notations m; = m, oy = «a, ¢ = q.
Theorem 3. Let f; are defined as well as in (5) and the condition C) is
valid. Let the vector-function (p, 1) is a solution of the system of equations

N
8mTagq
A = / d N =
@ M;qk | Jidos = —
(26)
ol 4dmq
Ay = / ) fudv, v=—T9
P l/kzz:lqk R3(U ) frdo, v —
2c0
¢ lop= ——qu, Y lop= iuog (27)
m me
on a subspace
(argpwdz) :0, (arwladl) :()7 Z = 17"'7N' (28)

Then the VM system (1), (2) with conditions (5) possesses a solution

m d 1 mc
E= o B=5(0 +/0 (dx J(tr), ) — [dx 0] - (29),

12



where

é — Z qk/ vfrdv, (B — const.

The potentials
mc
U:_—SOa A:ﬁwd_‘_/ql(r)v (Abd):() (30)

satisfying to condition (3) are defined through this solution.
The proof of theorem 3 follows from theorem 1 of paper [14].
Introduce notations

ji:/ v fidv, Pi:/ fidv, i=1,...,N
R3 R?

and the following condition:
D). There are vectors 3; € R? such that j; = B;ip;, i =1,..., N.
For example, the condition D holds for distribution

fi = fila(—o;v* + @;) + b((di, v) + ;) (31)

for B; = ﬁdi, a, b-const.
Suppose that condition D is valid. Then the system (26) will be trans-
formed to the following

N N
N =Aud qiAi, D= ) q(6;,d)A;, (32)

i=1 =1

where

Ai(li% ki¢aai,di) = /3 fz’dv-
R

Further, we shall suppose that the auxiliary vector d in (5) is directed
along axes Z. Because of conditions (28) we put in system (32) ¢ = ¢(x,y),
Y =1(x,y), x,y € D C R?. Moreover, let N >3 and L = const.

Let D be bounded domain in R? with the boundary 0D of class C%*,

€ (0,1]. The boundary conditions (4) on the densities of local charge and
current induce the equalities:

I.

=

N
Z Qe ARl ki, i, di) = 053 qr(Be, d) Ar(lisp®, kx5, di) = 0 (33)

=1 k=1

13



for Ve € «, where ¢ is a neighbourhood of point € = 0 and

2aq q
@’ = ——ug, ¢’ =—up. (34)

m mc
Remark 4. If N =2 and 3; = 2a , then by condition I and equalities
(B, d) = l we have alternative: or in condition I: A1 = Ay =0 or k; = [,
1=1,2. In this case, and also at ﬁ:comst the system (32) is reduced to one

equation and bifurcation of solutlons in such approach, as it is considered in
this paper is impossible.
By (33), (34) system (32) with boundary conditions

¢ lop=¢°, ¥ |lop=1° (35)

has a trivial solution ¢ = ¢ 1 =% at YA € R*.
Then because of theorem 3 the VM system with boundary conditions (3),
(4) has a trivial solution at VA

EO = %&«gpozo, B°=§d,, reDcC R,

fo = )‘]Ei(_aiv2 + ¢ + liSOO, (v,d;) + coi + ki¢0)-

Thus, the densities p and j vanish at domain D.

Now our purpose is to find A\g in neighbourhood of which system (32),
(35) has a nontrivial solution. Then the corresponding densities p and j will
be identically vanish at domain D, and the point A is a bifurcation point of
the VM system with conditions (4), (5).

Let functions f; are analytical in (5). Using the expansion in Taylor series

Alr) = 3 (@ = )5+ (0 =) 4GS )

i>0 b

and selecting linear terms, we transform (32) to operator form

(Lo — ALy)u — Ar(u) = 0. (36)
Here
A 0
Ly = ] , u=(p—¢° p—v°); (37)
0 A

14



8AS aAs
N 'UZS oz ,LL]{?S dy

Ll B Z s A A é
R R e
ply Ty
; (38)
VT3 VT4
r(u) =YY 0is(u)bs, (39)
>l s=1
where 9 9
A 4s v O i 0 0
Qz‘s(u> - 7,' (Lsul 8x + ksu2 ay) As(lscp 7ks¢ )

are ¢ homogeneous forms by u;
Hirtiz
WAS(WJ) o=t y=hpo= 0 at

2<iitir<i—1, s=1,...,N; 1>2 b, = (u,v(5,d)).

We study the problem of existence of a bifurcation point \° for (32), (34)
as the problem on bifurcation point for operator equation (36).

Let us introduce Banach spaces C%%(D) and C%*(D) with norms || - ||2.q,
| - |lo.« and W22(D), which is usual L? Sobolev space in D.

Let us introduce Banach space E of vectors u = (uy,ug), where u; €
Ly(D), Lo be real Hilbert space with internal product (, ) and the corre-
sponding norm || - ||z, (D). As a range of definition D(Lg) we take set of

2,2

02 02,2
vectors u 2 (w1, us) with w; €W (D). Here W (D) denotes W22 func-
tions with trace 0 on 0D. Hence, Ly : D C E — FE is linear self-adjoint
operator. By virtue of embedding

W?2(D) c C**(D), 0<a<1 (40)

the operator 7 : W22 C E — E be analytical in neighbourhood of zero. The
operator Ly € L(E — E) is linear bounded. For matrix corresponding to
operator L; we shall keep same notations. By embedding (40) any solution of
the equation (36) will be Hélder in D(Lg). Moreover, because the coefficients
of (36) are constant, then vector r(u) will be analytical, 9D € C** and
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thanks to well-known results of the regularity theory of weak solutions [§],
2

the being searching generalized solutions of (36) in I/f/z’ (D) belong to C*.
By theorem 3 on reduction of VM system, the bifurcation points of prob-
lem (32), (34) are the bifurcation points of solutions of VM system (1), (2)
with boundary conditions (3), (4).
Thanks to given conditions on Ly and L1, all singular points of operator-

function L(\) 2 Lo — AL; be Fredholm.
The bifurcation points of nonlinear equation (36) we can found only
among points of a spectrum for linearized system

(Lo — AL1)u = 0. (41)

For study of spectrum problem (41) we preliminary find the eigenvalues and
the eigenfunctions of matrix Ly in (41) for physically admissible parameters.
With this purpose, we introduce the following condition:

II: (T1T4 — T2T3> > 0, T, < 0.

Lemma 4. Let £ = aé?j >0,i=1,....N at x = [;°, y = ky".
Assume

N i—1

Z Zaiaj(ljki - k]lz)(ﬁz - ﬁja d) > 07

i=2j=1

where a; = qi%, then condition IT s valid.

Proof. Without loss of generality we put ¢ 2 ¢ <0,¢>0,9=2,...,N.
Then via (25) signg;l; = signg. Further, because of definition of T} (see.(38)),
we verify that 77 < 0. The positiveness of 11Ty — T5T5 follows from equality

Ty —ToTs =Y Lia; Y k(i d)a; — Y kia; Y Li(Bi, d)a; =

N i-1
Z Z aia;(lik; — k;li)(Bi — B, d).
i=2 j=1
Example. If 3, = %, then (5;,d) = %’lf_ and
N i1 , &
= a;a;(Liki — lik;)" - 5— > 0.
;]z::l T / QO{lZl]
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Lemma 5. Let distribution function has a form (31) and f, > 0. Then
conditions D and I1 hold for 3; = 32‘3_, and the system (32) will be trans-
formed to the potential form

¥ ap 0 ‘3—;
A = A , (42)
¢ 0 a ‘3—5
where N ,
v=S & / A(s)ds, ay = pla, ay— 2% 43
,;1 I Jo K(s)ds, a1 =pfa, a 2ab (43)

The proof is conducted by direct substitution (43) into the system (42).

Lemma 6. Letr =z € R',veR? d 2 d,. Then the system (32) with
potential (43) can be written as Hamiltonian system

pp = —0,H, ¢ =0, H

Py =—0pH, =20, H

with Hamiltonian function of the form

H = 22 = 24 V{p(a), ()

Here

N al N bk
_ Qe [TFF L
V(p,v) = Aay kz::l A /0 /R2 A(s,)ds + Aag kz::l A /0 /R? A(p, s)ds.

The proof follows from lemma 2.2 (p.1152) of work [4].
Lemma 7. Assume II. Then matriz Ly in (38) has one positive eigen-
value
X+ = pTy+0(1)

and one negative

TV T, — T5T: 4
114 236+O(€>7 n = 7T|Q|

>0 44
T, p- (44)

X-="
ateéc%—>0.
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Figenvalue x - induces the eigenvactors of matrices Ly and L) respectively

BENEH
Co 0

C
The proof see in [14].
Consider the calculation of bifurcation points A\ of equation (36). Setting
in (36) A = Ao + ¢, we consider the equation

0
+ O(e).

1

(Lo — (Mo +€)Liu— (Mg +€)r(u) =0 (45)

in neighbourhood of point \g. Let 75 # 0 and T3 # 0, or T, = T3 = 0.
With the purpose of symmetrization of system at T, # 0 and T3 # 0 having
multiplicated both parts of (45) on matrix

10
M( ),Where&ém#o,
0 a VT3

a

&

we write (45) as

Bu = (—:Blu + (Ao + €)R(u). (46)
Here B = M(Ly — MoLy); R(u) 2 Mr(u) £ (ry(u), ra(u)); By € L(E — E)
be Fredholm self- adjoint operator. If A, = Ag(alsp + bkit)), then
0A 0A, d? b d
t=A =Aa, a= — ==
Ay s Ox s @ Mb/(VQaa)’ B a 20

In expansion (39)

01 = LA (al® + bkt (alsur + bkyus)'.
7!

Thus, in this case ng = @ matrix R,(u) will be symmetric for Yu and

operator R, : £ — E is self—achomt for Yu.

Remark 5. If T, = T3 = 0, then we put a = 1. If T, = 0, T3 # 0 or
T3 =0, Ty # 0, then the problem (36) has not the property of symmetrization
and we should work with (45). In this case for study of the problem on
bifurcation point we may use our results from [13].
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Let p is eigenvalue of Dirichlet problem

—Ne=pe elop=0 (47)
and {ej,...,e,} be orthonormalized basis in a subspace of eigenfunctions.
Denote by ¢ = (¢1, o) the eigenvector of matrix Ly, which corresponds to

eigenvalue xy_ < 0.
Lemma 8. Let \g = —pu/x—. Then X\g > 0, dimN(B) = n and the

n

system {e;}I_,, where e; = c_e; forms basis in a subspace N(B).
Proof. Let us introduce matrix of columns A, which are the eigenvectors
of matrix L, corresponding to eigenvalues x_, x. Moreover,

x- 0
A LA = . LoA = AL

0 x4
and equation Bu = 0 by change v = AU will be transformed to the form
MI[LoAU — NgLiAU] = M[A(LoU — NA™ L1 AU)] = 0.

Hence, from here follows that the linear system (41) is decomposed onto two
linear elliptical equations

AUy —Xox-U1 =0, Uy loap=0, AUy —Aox4+Uz =0, Uy |ogp=0, (48)

where Aox_— = —pu, Aoxy > 0. From (47) follows that u € o(—A). Hence,
Uy =371 e, oy — const, Uy =0 and
Uy Ci— Ci4+ U1 C1— n
=AU = = = ZOZZBZ'.
U9 Co_  Coy 0 Co_ i=1

Let us construct Lyapunov-Schmidt BEq for equation (46).

Without loss of generality we assume that the eigenvector ¢;_ of matrix
Ly is chosen such that x_(c?_+ Fc3_) = 1, where F = ’l% Then the system
of vectors { Bye;}!, is biorthogonal to {e;}! ;. Thus, operator

é:B+Z<,’YZ>’}/Z
1

with ~; = Bje; has inverse bounded I' € L(E — E), I' =T* 'y, = e;.
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Rewrite (46) as the system

(B — eBy)u = (A + €)R(u) + > & (49)

S =<u,y >, i=1,...,n. (50)

By the theorem on inverse operator we have from (49)
u= N +€) (I —el'B) 'TR(u X:SZeZ (51)

From (50) we have

€ Ao+ €
1—6&jL 1—ce¢

where R(u) = R;(u) + Rip1(u) + .... Because of the theorem on implicit
operator, equation (51) has unique solution for sufficiently small €, | £ |.

= ui (e, €) + (o + €)(I — el'By) ' T{w(Ee, €) + uir(€e,e) +...}. (53)

Here

< R(u),e; >=0, (52)

(fe €)= —Zfzew

u(ée,€) = gcel(ul(fea €)),
u1(€e, €) = Ny (ui(le, €))+

0, [>2
+
TR (ur(Ee,€)) (Ao + €)(I — el'By) 'Tuy(Ee,€), =2
and etc. Substituting the solution (53) into (52) we obtain desired BEq
L(,€) =0 (BEq)
with L = (L',..., L"),

i € ' Ao+ € 4 1 |
L= (1— [< Fu(Ce,ei) > +— < Ripa(Ce,ei) >+
0, [>2
+ri(§7€)a
aete < Ry (¢e(I — T By) 'TRy(Ce),e; >, 1=2
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ri = o £, i =1,...,n. If L(§,e) = gradU(,€), then we call BEq
potential. In potential case matrix L¢(€, ) is symmetric.

Let in (46) f; = fi(al;p+bk), i =1,...,N. Then from explained above
matrix R, (u) will be symmetric at Vu and we have the following statement:

Lemma 9. Let conditions C), D), I-I1 and A\g = —p/x_ hold. Then
equation (46) possesses so much small solutions u — 0 at X — Xg, as small
solutions §& — 0 possesses BEq at € — 0. If in system (32) A; = A;(alip +
bki), i=1,...,N; a,b—-const, then BEq will be potential.

Principal theorem. Let N > 3. Let conditions C, D, I-II and \y =
—u/x are valid, where p is n multiple eigenvalue of Dirichlet problem (47).
Number x_ see in (44). If n is odd, or distribution function has the form
fi = fila(—a;v® + ;) +b((d;,v) +;)), i =1,..., N, then Ay be a bifurcation
point of VM system (1)-(2) with conditions (3)-(4).

Proof. Case 1. Let n is odd. Then in BEq

€
1—-¢

0Ly . .
A(e) = det |?(O>5> k=1 — ( )"
Since n is odd, then A(g) > 0 for € € (0,1), and A(e) < 0 for € € (—1,0)
and the statement of theorem follows from theorem 1.
Case 2. Let f; = fi(a(—a;v*+v;)+b((d;, v)+1;)). Then BEq is potential,
moreover

Li(0,¢) £
= di, 1, k=1,...,n.
8& 1—¢ i
Hence, all eigenvalues of matrix || 2425 || are positive at ¢ > 0 and are

0¢;
negative at ¢ < 0. Thus, the validity of the theorem in case 2 follows from

theorem?2.

Possible generalizations. The distributions functions f; in VM system
depend not only upon A, but also on parameters «;, d;, k;, ;. It seems
interest to investigate a behaviour of solutions of (1)-(2) with conditions
(3), (4) depending from these parameters. Applying theorems 1, 2 and their
corollaries in the present paper, we can prove the existence theorems of points
and surfaces of bifurcation for this more complicated case. We shall consider
this problem in the following paper.
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